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Goal, Notations and Definitions

Example (Noisy Oscillator)

Dynamics (Discrete Time) X
Xir1 = F*(Xk) F*: ((xa, %)) = ¢+ x
State Space dy =2

X C R%

Vector field of the ode oscillator: (F(xy,

Vector Field I ]
F X=X v
Dataset
D = ((xi, F*(x)))izy = (x7, F*P)
Goal o
e Infer F* from D -
e Quantify the uncertainty on F*
e Sampling strategy to improve the inference E EE EE
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Bayesian Nonparametric Regression

F is unknown

o Hypothesis space (class of function) F F
e Suppose F* € F

Uncertainty on F
o Define Pr: A C P(F)—[0,1]
such that Pg(F) =1
o PP is called a probability measure

e Given K C F, Pr(K) € [0, 1] measures
the confidence or belief that F € Functional Probability Space

Pr(F)=1
Pr(K) =0
supp(Fr) =
supp(Pr(- | D)) =

o Pg is arbitrarily chosen a priori such that
it it possible to sample from it

Goal

o Use the dataset D to infer a posterior measure Pg(- | D)



Function Sampling

Vector field of the ode oscillator: Samples from the prior distribution F5(-,1) ~ Pp,
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Gaussian Vector vs. Gaussian Process

F can be sampled from F according to the weights given by Pr. Notation: F ~ Pg

Gaussian Vector Gaussian Process

Suppose X = {x1,...,Xn} € (Rd?‘)m is finite Suppose X = {x € X} C R is infinite
F=(Fq:- s F) = (Fo)yex F = (F)eer

Mean Vector Mean Operator

(NX;)X,GX =(E [FX;])X,-E)( (NX)xeX = (E [FX])xeX

Covariance Matrix Covariance Operator

(kXi7Xj)X,‘7XJ‘€X><X = (COV (FXH F&))thje;\ex;\e (szX/)X,X’GXXX = (Cov (K, FX’))x,x'eXxX

In both cases, for any finite collection (Fy,,...,Fy) ~N ((Mxn ) (kxl.,xj)lg’.’qu)

Particularly, Fyx ~ N (pix, kx.x)

]P’,:X1 ..... Fy = f)\/((uxl7~--,NXq)7(kX,-‘Xj)l\j)Xm .. dXg, fN((HXl7___7,”‘7)’(,(&%])/.‘!.) is the associated Gaussian density
Notation: F ~ GP(u, k) if F is a Gaussian Process (GP)



Gaussian Process Regression

Samples from the prior distribution /5 ~ Pp,

— By, 1)
e GP are characterised by . and k. — R~Pp

—_

e Choose F ~ GP(u, k), i.e., Pe = GP(u, k) k)
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e Recall that X is infinite, thus

(kaX/)x,x’GXXX = (COV(FX’ FX/))X,X/EXXX ’
needs to be specified by the kernel operator k

A priori, p and k are chosen:
° ,U, — 0 -10
o k. . — ex (_ HX—X’HZ) .
x,x! p > 15
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Other kernels

Kk =min(z,z)
‘ :




Posterior Probability Measure

Bayes’ Theorem (Gaussian Density Measure)

_ Prgirg Prg

Pe. .k
x> Fxo

o P =
Fiy | Fx Pr,, Frp

e In terms of densities functions:
P Py TFy I Py
fFXZ - fFXZ

frg Py =

Gaussian Posterior Density
Given: (Fx, Fx) ~ N ((1x0 1) 5 (K x1 5 Ko x0)) =
&I&=m~N@a@$M%)

Kxy o
HF|Fy = Hx + kx;xz kX2>X1 ()/2 - ILLX2)

107 X2

X1 ,X0

= kX17><1 -

kFX1 |Fx, X2,X1

kxz,xz
This generalise by replacing F, by a whole dataset of
observations F*? from D = ((x;, F*(x;)))r_; = (xZ, F*P)

Fy(a1,1)

Training points
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Posterior Probability Measure

Learning

Let x' € X be a test point

Hence, F | F*P ~ N (1D, kD )

Define the posterior covariance matrix K? = (k)

Xj, ;€D
Define the test covariance vector kI = (thX’)x.eD

-1
pl = (kD, KP7 F*P) = (k| F*P) ;0

X x!

-1
ke o = koo = (kg KP77kZ) = ko = [1KG | 3p

Fi(z1,1)

Connection with Functional Analysis
Links with Reproducing Kernel Hilbert Space (RKHS), in

Kernel Regression, H, = span{k., | x € X'}
'UB = argminue?—lk ||M||§{k St iy = Fy

Observe the link with Proper Orthogonal Decomposition
(POD) thI’OUgh the Mercer’s theorem -20 -15 -10 -05 00 0.5 1.0 15 2.0

£

ks = Zfil Aigi(x)pi(x") 8




Scalar field regression on the whole state space

Regression map for Fh(x1, x2) Original scalar field F»(z,
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Entropy Map (Boltzmann 1870, Shannon 1948, Kolmogorov 1956)

Pick a point X' € X

How to quantify the uncertainty on F,.?7

Let dx an infinitesimal volume element of X’
Uncertainty on dx

1(dx) = Iog(m) >0

Entropy (average uncertainty)
H(Fe) = [, log PFX}( a3 Pr (dx)

Gaussian Entropy

Pr, (dx) = (k0 (X)X

If For ~ N (s kit ), H(Fi) = 5 log (2me ke )
In the Gaussian case, the variance k., characterise
the entropy
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Practical Question

In this context, given the following:
F(x) =sin(x), x e X
How to choose the Dataset D, given a fixed budget n ?

Hypothesis
- D ~ Uniform(X") ?
- D maximises H(D) ? (Note this is equivalent to the previous one if X is bounded)

- D = {(x«, F(xk))};_;, where x,11 = F(xx) (a trajectory) ?
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