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Intention and Chain of Reasoning

Intention (why the question matters)

= gap — under-developed methodology, inferred from literature, conferences, discussions
= precision and rigour — projection of the state of the art onto the discipline (mathematics)
= applications in finance

Chain of reasoning (main steps to solve the problem)

1. problem, question exact initial condition — which fixed field r?
2. naive solution, on an example h® = ¢ (Lagaris et al., 1998)
3. pathology (differentiability) g ¢ C** — Dirac masses, J(6) = +oo
4. isolate the pathology, minimal example butterfly payoff, heat evolution
. Cy-semigroups (Arendt et al., 2011), Sobolev spaces,
5. bibliography (knowledge base) spectral bias (Rahaman et al., 2019)
6. proof of concept trained errors, three test cases
7. formalisation and understanding, against the knowledge base own knowledge, books of a personal library  —

Propositions 4.1 to 4.3
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Historical Note: Lagaris, Likas and Fotiadis (1998)

Two terms
A — boundary conditions, no weights

F — network N, no boundary contribution

Artificial Neural Networks for Solving Ordinary
and Partial Differential Equations

Isaac Elias Lagaris, Aristidis Likas, Member, IEEE, and Dimitrios I. Fotiadis

We choose
a form for the trial function W, (Z) such that by construction
satisfies the BC’s. This is achieved by writing it as a sum of
two terms

Consequence
boundary conditions exact, independent of p

training — differential equation only
U () = A(T) + F(Z, N(Z, p)) 4)

where N (Z.p) is a single-output feedforward neural network

with parameters g’ and n input units fed with the input vector 7. A inside the domain —s unspecified
The term A(Z) contains no adjustable parameters and satis-

fies the boundary conditions.

Section Il, page 988
same construction — distance functions, transfinite

interpolation (Sukumar and Srivastava, 2022)
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The Initial-Value Problem

Setting
= Qe {T,R}, T=R/(27Z), Q@ =0 x (0,T)
2p j
. X i . R
L = jzzoﬂyﬁx,] 57 uniformly parabolic

= g C'(LR)NLA2(Q;R) — first-derivative discontinuity allowed

Lu* = Ou* — LXu* =00n Q, u*(z,0)=g(z)

Example 3.1 — butterfly payoff
Q=R, p=1, v, L€ (0,4); u, o0 z*€R

LY = Vagac + :uaac —0 g(l‘) - (E o ‘ZE - ZL'*D+ aﬂ%xg - 5:10*—6 - 2533* + 5:1:*—|—€
operator payoff second distributional derivative
¢
= g ¢ C'(R;R) — first-derivative jumps 1, —2, 1 (orange)
g
= compactly supported
= Lipschitz ey - R



The Constrained Model Class

Objective

| dP(x,t) = h(z, t) + do(t) Uy(x,t) learns u*(z,t) |

= h — candidate field, fixed before training
= U, — neural field

= dy(0) =0,d,(t) >0fort e (0,7

Two requirements on h
trace h(z,0) =g(z) — ®)(z,0)=g(z) VO (initial condition exact)
regularity heW — Lh well defined pointwise, Lh € C°(Q)

w={veC"(Q): v 53 €C(Q),1<j<2p}

Residual of the candidate field

L) =Lh+ Ny, Ny=dyLY,+dyY,

fixed trained
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Fitting Objective and Forcing Energy

Fitting objective

: _ h
min J(0), J(0) = || L®,

T
/ /|£¢g(x,t)|2dxdt
0 Q

[ LOF =0 <« L(dgW,) = LhonQ, (dy¥,)(x,0)=0 ]

2
s

Correction problem

Forcing energy
E), = |Lh|}2q — energy of the source —Lh, fixed before training

Expansion of the objective

{ B, < +00,Ny € I*(Q) = J(8) = By +2(Lh, Ny oy + INGI2,

@ }

= N, approximates —Lh
= cross term 2(Lh, Ny) .2 ) Of either sign
= J(#) may lie below E,
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The Time-Independent Field A°: Infinite Objective

Field held constant in time
h®(z,t) = g(x) — construction of Lagaris et al. (1998)
gg C** — h'¢W — LhY undefined classically
Residual of h° for the butterfly payoff
bounded part + three Dirac masses — not sampled
Lh® = —p0yg + 09— V(0 p — 20, + 0,0 y)
N — e’
bounded

Objective J, infinite

Ny € L}(Q) = J(0) = || £} \

= —|—OO
L*(Q)

Sampled residual RD, finite

Z|L®

zGD

|D| Z|£h0 (2)|2 < 400 at ¥, =0
zeD

Smoothed field rl(x,t) = (g* G.)(x)
expected sampled residual divergesase — 0

| Rp(6) <+oo Vs, J(6) = +oo

1.5 2v

1.0 A

0.5

0.0 T ! T
—0.5 l/ l

-V -V
_1.0 T T T 1
-2 -1 0 1 2

Figure 1(a): £h0 in
curve — bounded part
arrows — Dirac masses

101 .
—o— 11£h21Z2=2,21x (0, 7y/(4T)
-=. 3V¥/(4VTE)

100 4 — Rp(6) with Wy =0

107 4 ]

T T T M | T T M | T T M |
1074 1073 1072 107!
smoothing scale €

Figure 1(d): smoothed field A, width e
orange — mean sampled residual, grows like 1/ (dashed)
horizontal — sampled residual of h?, finite
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From a Linear ODE to the Semigroup

Splitting of the operator

LX=A+B A — retained, et computable B — remainder

Linear ODE in R“

Operator exponential
Ou=LYu, u(z,0)=g(z) = u'(,t)=e g

constant coefficients —» Fourier diagonalises £X — u*(€,t) = e"cX.¢§(€), as et™ for a diagonal M
Here: semigroup of A

{ hz,t) = (e"*g)(x) = Lh=—Bh, u*(-,t) = etPh(-,t) (constant coefficients)

| Goal —» high frequencies of u* encoded in h, so that ¥, does not have to learn them
— networks fit low frequencies first (Rahaman et al., 2019)
— Fourier coefficients of u* — h bounded by C' |[¢|™5~2P |g(£)| for |€] > R (Proposition 4.5)

J
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Choices of the Fixed Field h

Retained evolution
d,h =Ahon Q, h(z,0)=g(z), B=L*—Aoforder mg  testcases — LX =, 0% /0x* +7,0/0z +,

Retained operator A Remainder B mp  Field h(z,t) = (e'g)(x)
g Yop0?P [0 +4,0/0x 4+, 2p  g(x) (Lagaris etal., 1998)
110/0z + 7, Yop0?P | O2?P 2p e g(z+mt)

[’sz82p/8x2p] 71.0/0x + 7, 1 (G, * g)(), ét (€) = o2 (16)7P
Yo 0P /0% + 11 8/0x 0 e ur(x,t)
L= 0 0 u*(x,t) (control)

Chen-Mangasarian smoothing .

h(:l?,t) = (Ks(t) *g) (LU), Ks(y> — W? 5<t> o 1

call payoff (s — K)* — %(s — K+ +/(s— K)? +52>
— fixed term of Zhang, Guo and Lu (2026), other width

[ Question — which h gives the smallest solution error, at fixed network and training budget? ]
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Periodic datum, 2 =T
= first-derivative discontinuity at 0 g
= g€ H(T)\ H*(T) - >

= training datum — g itself, no Fourier projection / " \/ o \

Two operators on T
Ou=LXuon T x (0,1), wu(x,0)=g(x)

Black-Scholes — L% =15%02, + (r — 102)9, —r (log-price, ¢ = 0.5, 7 = 0.03)

Order four — LY = y,x 4 Oppue T Yex1 0 T Yex00 Voxa <O

Butterfly on R
u=v02 u+pudu—ouonRx(0,1), u(z,0) =l—|z—z|"
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Results: Solution Error by Choice of i

Black-Scholes on T Order fouron 7 Butterfly on R
A =0 (Lagaris), mg = 2p A # . # 7 *
A: orders 1,0, mg=2p - $ - o 1 *
Chen-Mangasarian (Zhang et al.) ° I-{ 1 ° L S - b
A: order 2p, mg =1 - ‘ . ‘I. . .I‘
A: orders 2p, 1, mg =0 A }h 7 ‘Q 7 .‘
A = X (control), mg =0 A * 1 ‘ 1°® 'f'.
1074 1073 1072 107! 1073 107! 101 10> 107% 1073 1072 107!
Relative error 6r Relative error 6r Relative error 6r
® Individual seed —€— Median and quartiles === Predicted error at zero sampled residual (closed form)
6r = ( D lob@) -u @2 2 |u*(z)|2>1/2
zerlr zer

Figure 4 of the paper, rows of this talk, full datum g on T
blue — myz < p, green — control, grey — other choices of h
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Median Solution Error by Choice of A

Median relative error 5h (measured, 3 seeds, rounded to three digits)

Choice of h Black-Scholes on T  Order four on T
A = 0 (Lagaris), mg = 2p 0.138 0.151
A:orders 1,0, mg = 2p 0.137 0.141
Chen-Mangasarian (Zhang et al.) 6.59 x 1073 33.9

A: order 2p, mpg =1 4.93 x 1074 4.90 x 10~4
A: orders 2p,1, mg =0 1.07 x 1074 4.45 x 1074
A = L% (control), mg =0 7.75 x 107° 4.40 x 107°

Butterfly on R

0.235
0.221
5.09 x 1073
5.72 x 1074
4.30 x 10~
3.25 x 107°

mp <p —> smallest median error on the three test cases, control excluded

mpg = 2p — median error larger than A: order 2p by a factor ~ 2.8 x 10% to ~ 4.1 x 102
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Results: Greeks of the Butterflyon R at¢ =T

(a) Delta a,®)(-, T) (b) Gamma 82, 94(:, T)

--- u* = A=0 (Lagaris) =—— Chen-Mangasarian (Zhang et al.) == A: order 2 T Dirac mass of the Gamma

seed attaining the median error 6; arrows — Dirac masses of 82, h(-, T) for A = 0; dotted — interior window

(c) Delta (d) Gamma
A =0 (Lagaris), mg =2 - $ . Dirac masses + &
A:orders 1,0, mg=2 - ¢ 1 Dirac masses + &
Chen-Mangasarian (Zhang et al.) A L N 1 ¥,
A: order 2, mg=1 - °w, 1 o,
A: orders 2,1, mg=0 - ® %, E ‘s,
A =X (control), mg=01 ° +¢ {° reiq
105 104 10~% 102 10!  10° 10 105 10 1073 102 10~'  10°  10'
Relative error €; Relative error €,

3 seeds, median and quartiles; ¢, = (Zuﬂ\(‘);@,? (2,T) — 0u*(z,T)|? /22, 105w (@, T)\Z) ’%,j € {1,2}, I = grid points of the interior window; hollow — classical part only, the Gamma having Dirac masses

mp<p — €, <3.1xX 1073, €9 < 1.6 X 10~2 (measured, median of 3 seeds)
Chen-Mangasarian — oscillations of the Gamma, e; ~ 1.9 x 1072, &, ~ 0.11
mg =2 >p — Deltadiscontinuous, Dirac masses in the Gamma
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Stability and Initial-Data Extensions

Proposition 3.1
= constant coefficients, Q = R

= J(0) < 400

% * 2 T2 max
o) —u* € CO([0,T); L2 (R;R)), || ®) —u HLQ(Q) < 762 {Acx 0}T 7(6)

symbol A;x . = Zjﬁo Yex ;(1€)7 growth bound A,x = supecg Re Apx ¢

E, =400 — J(f) =+0c0 — bound uninformative

Definition 3.1 — initial-data extension

[ heW, h(z,0)=g(z), E,<-+o0 ]

Problem
— construction of initial-data extensions h
— bounds on E,
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Retained Evolutions: h(z,t) = (e'g)(z)

Retained evolution
A retains the term of order 2p of LX — A parabolic

[8th=Ah on @, h(z,0)=g(z), BzEX—AofordermB}

Proposition 4.1
retained part cancelled

Lh=8,h— (A+ B)h = —Bh, E, = |Bh|}s )
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Example: Heat Evolution of a Discontinuous Datum

Setting )
O=R, p=1, A=02, h(€,t) = e §(¢)
g=1_,, — g€ L*(R;R)\ H'(R) I = Il L2y

s € N, derivatives in the sense of distributions

={fer®: G e2®),0<j<st={feL’®): [, (1 +16)™ |f(§) d < +oo} }

Integration in time

% ;@ - [ & ( / Cone dt) s(e)de = e e
J=1 10 g =5 [ (1=eT€) 130P g = Yl ~ D)) < o0
j=2 ||9; h” 2(Q) I%/S (1 —2T52) 1G(6)]?dé < +00 <= g€ H(R) here +oo
Plancherel: [g2 = [,[gl?, [H(T)|> = [, 27" g here g(¢)[* = 2sin? €/(x€2), 50 [, & |3[? = +o0

time integration — one spatial derivative gained (p = 1)
remainder of ordermgp <1 — E, <400 mp=2 — E, <400 < g€ H™sP(R)
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Forcing Energy and the Order of the Remainder

Proposition 4.2
A parabolic, g € H°5(Q)

mp
E, < (mg+1)Cy (Z H')’B,j”ioo(m) ”g”%ISB(Q)

J=0

C, € (0,4+00) — depends on T, p and the coefficients of A only

time integration — gain of p spatial derivatives

Proposition 4.3
constant coefficients, A parabolic

01
0 0 1ps

w N =3
EERICER N O
CONICORIEaN —

every continuous g
g€ H?
g € H?

mp < 2p — 1: A retains the order 2p

Vs

(i) mp>p = (B, <400 <= g€ H*5(QN))

|\

| (i) mp<p < (E, <+oo Vge CO([R)NLA(QR) <= yo,=7vx,; Vi>p
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Conclusion

Measured (3 seeds, fixed protocol)
= three test cases — mp < p: smallest median error among the compared choices, control excluded

= order four, median error
- A = 0(Lagaris) — 0.151
— Chen-Mangasarian (Zhang et al.) — 33.9
— A:order4 — 4.90 x 1074
= butterfly, Greeksatt =T, mp =2 >p — Dirac masses in the Gamma

Proved (A parabolic)
= h =etg — exactinitial trace, forcing —Bh (Proposition 4.1)

= F, bounded by |g|
= F, < +ooforeveryge CO(Q;R)NL*(Q;R) < myg < p (Proposition 4.3)

tren() $p = max(mpg — p,0) (Proposition 4.2)

Open question
— relation between forcing energy and trained error
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Appendix: How These Slides Were Made

Author
prompts, rehearsal

Session statistics (10-14 October 2026,
Rules and memory S measured on the transcript)
CLAUDE.md, slide rules, Quantity Count
memory files 200 prompts touying, cetz
Author prompts 200
213 compilations, 261 renders T in French 126
gures .
on the slides? 107
ibli Y ith ted slide excerpt 37
Bibliography verified . . with a pas p
pages R
Lagaris 1998, Zhang et al. 2026, J—ﬂc'a“tﬂzigsds‘j:fe"t]fm runsﬁpyf;i‘;renf‘;[;ﬁ"b} Words per prompt (median) 14
Rahaman 2019 A Typst compilations 213
/ Page renders inspected 261
€0 macro, lock code, tests S'cripted edits of.the deck 198
read Figure regenerations 54
FEIDEs Git commits (all repositories) 53
LaTeX, (rgtahlonfi)prwfs Experiment code Effective time on the slides® ~75h
veriea runner, tests, . . '
i : Effective time, whole session® =~ 14.2 h
| pre-registrations .
. Run summaries
decision, result [YAM L, greeks.npz} * keyword classification (slide, figure, caption, pasted excerpt, ...), approximate;
59 SSH, 17 sbatch words counted without pasted excerpts; the other prompts concern the
Astra + experiments, the paper and scientific questions
. J 7 rsync ® sum of the intervals between transcript events shorter than 15 min, assigned
GPT plan editor €an Zay to the topic of the current prompt; 6.4 to 9.3 h on the slides for thresholds of
SLURM, V100, prepost 10 to 30 min; wall-clock span 87.5 h

First edition of these slides, within a first appropriation and assimilation of this work
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